Several new results regarding the quantum cosmology of higher-derivative gravity theories derived from superstring effective actions are presented. After describing techniques for solving the Wheeler-DeWitt equation with appropriate boundary conditions, results are compared with semiclassical theories of inflationary cosmology and implications for various different string cosmology models are outlined.
Classical Cosmological Space-times of Higher-Derivative Theories
Since solutions to the general relativistic field equations contain initial curvature singularities whenever the dominant energy condition is satisfied, one of the motivations for developing quantum cosmology has been the theoretical justification of the elimination of the singularities. Curvature singularities predicted by general relativity can be avoided by introducing boundary conditions in the path integral defining the quantum theory which restrict the integral over all four-geometries and matter fields to Riemannian metrics g µν on compact manifolds bounded by a three-dimensional hypersurface with metric h ij and fields with specified values on the hypersurface [1] . They might also be eliminated in a quantum theory of gravity free from divergences at short distances, since the wavefunctions defined by the path integral of the theory may represent non-singular geometries at initial times.
Classical cosmological solutions to the equations of motion for several different types of theories containing higher-order curvature terms have been analyzed with regard also to the presence of singularities, and non-singular solutions have been obtained. Renormalizability has been obtained with the addition of quadratic terms in the action [2] . Moreover, any theory of superstrings consistent at the quantum level will have an effective action containing higher-derivative curvature terms. A quantum cosmological model based on a higher-derivative gravity theory may produce a wave function consistent with a non-singular geometry, without imposing a non-singular boundary condition at initial times.
An action which combines higher-derivative gravity with string scalar fields has been shown to have singularity-free cosmological solutions [3] [4]. At string tree-level and first-order in the α ′ -expansion of the compactified heterotic string effective action in four dimensions, the dynamics of the graviton, scalar field S and modulus field T can be described by an action which is the integral of L ef f. = 1 2κ 2 R + If Re T , representing the square of the compactification radius, is set equal to a constant, and Im T is set equal to zero, then the kinetic term for the modulus field vanishes. In addition, defining the real part of the dilaton field to be Re S = 1 g 2 4 e Φ , restricting attention to isotropic models for which RR = 0 , and choosing units such that κ = 1, one obtains the effective action
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The Gauss-Bonnet invariant arises in this action, but it is multiplied now by the factor
, where g 4 is the four dimensional string coupling constant and Φ is the dilaton field, so that the integral is not a topological invariant. This quadratic curvature combination is precisely that required to remove ghost poles in the perturbative expansion of the propagator, and since the term is dynamical, the theory represents a modification of general relativity which is unitary and has improved renormalizability properties.
It is known that most classical string equations of motion without a dilaton field do not lead to inflation [5] . Dilaton fields have been included as they permit inflation, and a set of higherderivative gravity theories with a dilaton field has been shown to produce the required inflationary growth of the Friedmann-Robertson-Walker scale factor [6] .
An earlier analysis of R 2 theories [7] and C 2 theories [8] showed that an R 2 term leads to particle production and inflation with minimal dependence on the initial conditions. However, the C 2 term leads to large anisotropy [9] and the destabilization of positive Λ metrics. Inflation has been also derived from higher-derivative terms directly obtained as renormalization counterterms [10] [11] without the inclusion of scalar or inflaton fields.
In the phase space of classical solutions to the field equations of the four-dimensional action (2), there is a class of metrics which have no singularity for a large range of values of the dilaton and modulus fields. These solutions represent the most probable space-times derived from the wave function for the quantum cosmology model.
Higher-Derivative Quantum Cosmology
Much of the initial work on higher-derivative quantum cosmology has been developed with only curvature terms and no scalar field in the action. Nevertheless, scalar fields are probably necessary in a theory describing gravity and matter interactions, because they are required for renormalizability of gauge theories with massive spin-1 vector fields [12] and they result from the conformal rescaling of the metric in higher-derivative theories [13] .
The quantum cosmology of standard gravity coupled to a scalar field has been investigated by many authors [14] - [17] . The non-zero vacuum expectation value of the scalar field in grand unified theories drives inflation in semi-classical cosmology, and again it is found to be useful in obtaining wave functions representing inflationary solutions in quantum cosmology.
The quantum cosmology of superstring and heterotic string effective actions in ten dimensions with higher-derivative curvature terms up to fourth order has been investigated previously [18] - [21] . The extension to higher-derivative gravity coupled to scalar fields is necessitated by the modification of the Einstein-Hilbert action by higher-order curvature terms at the Planck scale. The predictions for the inflationary epoch would be expected to be modified to a small degree by the higher-order terms in the effective action. Given a fundamental theory at Planck scale with higher-order terms, it is appropriate to consider a boundary located between the Planck era and the inflationary epoch where the predictions of quantum cosmology of the higher-derivative theory could be matched, in principle, to the predictions of the quantum theory of standard gravity coupled to matter fields. The inclusion of this boundary will have an effect on both the quantum cosmology of the more fundamental theory and the computation of radiative corrections in the standard model.
Quantum Cosmology for a Four-Dimensional Heterotic String Effective Action
The model (2) 
Homogeneity of the minisuperspace model implies that the fields are positionindependent on foliations of the four-dimensional space-times and the action per unit volume is a one-dimensional integral
whereV is a time-independent volume factor given by
, with V(t f ) being the three-dimensional volume of the spatial hypersurface at time t f , which is finite when K = 1.
The action can be modified by adding a boundary term so that it does not contain the second derivative of the scale factor,ä.
The conjugate momenta are then
Expanding in powers of
, expressions forȧ andΦ to first order may be obtaineḋ
and the Hamiltonian is
In a Lorentzian space-time, the differential operator representing the Hamiltonian is obtained by making the substitutions P a → −i ∂ ∂a
This is equivalent to the standard Wheeler-DeWitt equation for standard gravity plus a scalar field
where, as above, the operator-ordering parameter p is set equal to −1, using the rescalings
While this choice of operator ordering is convenient for obtaining closed solutions to the Wheeler-DeWitt equation in the limit
, other values of this parameter also can be used, such as p = 1, which corresponds to the substitution
The operator-ordering ambiguity might be resolved through supersymmetry constraints, which are first-order for special couplings of the bosonic and fermionic fields. The restriction of the parameter p will impact on the regularity of the wave function Ψ(Φ, a) as a → 0. When p ≥ 1, regularity in the a → 0 limit requires the no-boundary wavefunction, whereas the divergence in the tunneling wavefunction in the limit a → 0 is regulated by a prefactor when p ≤ 0 [22] . Non-singular solutions with Lorentzian signature will occur if regularity is maintained in this limit.
For the heterotic string theory, the potential is
where e 6β is eventually set equal to
, {φ α } represents the fields e Φ and e β , with the other matter fields set equal to zero [23] - [26] , and C(S) is the superpotential.
The equation HΨ = 0 can be solved approximately by using ǫ ≡ ∂ ∂a
and
In the classically allowed range, the 'no boundary' wavefunction [1] , for example, is
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In the classically forbidden region [1] [22],
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Similarly, the tunneling wave function in the classically acceptable region [27] - [29] is
whereas the tunneling wave function in the classically forbidden region [22] is
and ) terms can be written down explicitly, they are omitted here so that compact expressions can be given for
Nevertheless, in the parameter range where the derivative with respect to Φ can be ignored, the general solution to the equation H 0 Ψ 1 = −H 1 Ψ 0 , given two linearly independent solutions of the homogeneous equation,
where Amongst the solutions to the equations of motion of a one-loop effective Lagrangian having the same form as L ef f. in equation (1) and containing only the dilaton field are the homogeneous and isotropic solutions that begin with a Gauss-Bonnet phase a(t) ∼ e for the possibility that they are unstable at a non-perturbative level. Even though the initial GaussBonnet phase is unstable, perturbative stability of the FRW phase with a(t) ∼ t 1 3 is sufficient to attribute physical significance to the wave function, because it is consistent to consider a wave function representing space-time metrics differing considerably from the Gauss-Bonnet phase in the earlier epoch but approaching the classical solutions to the string equations of motion at later times. While these classical solutions may represent local extrema of the action, providing a subdominant contribution to the string path integral, the absence of stability at the non-perturbative level implies that the there will be tunneling from these solutions to more stable solutions.
The Majorana condition implies that c 1 , c 2 = 0 and the Killing spinor belongs to first category.
When K = 1, both constraints are satisfied by the scale factor a(t) = a 0 cosh( However, the interpretation of the absolute square of the cosmological wave function as a probability density may be valid only insofar as it helps to identify the most probable configurations. When the wave function is interpreted in this way, the theoretical solution may be compared to observations concerning various different cosmological variables such as Λ or the flatness parameter Ω. Since the calculation of the wave function is equivalent to the evaluation of the path-integral over 4-metrics between initial and final times, the conclusions are consistent with the deductions regarding the cosmological variables based on the space-time foam picture or the many-bubble universe scenario.
